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ABSTRACT. In this paper, we study some special Smarandache curves and their differential geometric prop- 
erties according to Darboux frame in Euclidean 4-space E*. Also, we compute some of these curves which 
lie fully on a hypersurface in E*. Moreover, we defray some computational examples in support our main 


results. 


1. INTRODUCTION 


The geometric modeling of free-form curves and surfaces is of central importance for sophisticated 
CAD/CAM systems. Among all space curves, Smarandache curves have special emplacement regarding 
their properties, because of this, they deserve especial attention in Euclidean geometry as well as in other 
geometries. It is known that Smarandache geometry is a geometry which has at least one Smarandache 
denied axiom [1]. An axiom is said to be Smarandache denied, if it behaves in at least two different ways 
within the same space. Smarandache geometries are connected with the theory of relativity and the parallel 


universes. Smarandache curves are the objects of Smarandache geometry. By definition, if the position 
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vector of a curve 6 is composed by Frenet frame’s vectors of another curve 3, then the curve 6 is called a 
Smarandache curve [2]. 

In differential geometry, frame fields constitute an important tool while studying curves and surfaces. The 
most familiar frame fields are Frenet frame along a space curve and Darboux frame along a surface curve [3]. 
It is analogous to the Frenet frame as applied to surface geometry. The Darboux frame exists at any non- 


umbilic point of a surface embedded in Euclidean space. In [4] M. Diildii et al. extend the Darboux frame 


74 


field into Euclidean 4-space 


In the light of the existing studies in the field of geometry, many interesting results on Smarandache curves 
have been obtained by many mathematicians, see for example, [2,3,5-12]. Turgut and Yilmaz [11] have 


introduced a particular circumstance of such curves, they entitled it Smarandache TBy curves in the space 


(1. They studied special Smarandache curves which are defined by the tangent and second binormal vector 


fields. In [8], the author has illustrated certain special Smarandache curves in the Euclidean 3-space. 
Recently, H.S. Abdel-Aziz and M. Khalifa Saad [2,5] have studied special Smarandache curves of an arbi- 
trary curve such as TN, TB and TNB with respect to Frenet frame in the three-dimensional Galilean and 


pseudo-Galilean spaces. Also, in [6,7] they have investigated Smarandache curves according to Darboux 


frame in the three-dimensional Minkowski space E}. 


The main goal of this article is to investigate Smarandache curves in E* for a given curve with reference to 
its Darboux frame of first kind. The results presented in this paper generalize and refine some of the existing 
results in the literature and significant in mathematical modeling and other applications. 


2. BASIC NOTIONS AND PROPERTIES 


We now review some basic concepts on classical differential geometry of space curves and surfaces in 


Euclidean 4-space E* [4, 13-15]. Let {e; | i = 1,2,3,4} be the standard basis of E*, therefore Et = {X = 
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4 xe; | 2; € R}. The scalar product and vector product of vectors X,Y, Z € 
by 


are respectively defined 


4 
(X,Y) = Saas 3 
1=1 


€1 €2 €3 €4 


TZ, LQ LZ L4 
XxXYxZ= 


Y1 Y2 Ys V4 


241 22 423 24 


Definition 2.1. Let f : DC E4 > R be a differentiable mapping of an open set D. Given c € R, we recall 
g 


that the level set c of the f is the set defined as f~'(c) which is the set of solutions in D of the equations 


ea Y z,w) =C. 
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Proposition 2.1. Consider that f : U C E* > R is a differentiable function and c € f(U) is a regular value 


of f, then f-1(c) is a regular surface in E*. The implicit surface f is regular if Vf = (fx, fy, fe, fw) 4 0. 


The unit surface normal vector of the implicit surface f is given by N = wa 


Definition 2.2. Suppose that f : RR" — R, if all second partial derivatives of f exist and are continuous on 


the domain of f, then the Hessian matriz Hy is a square n X n matrix, usually defined as Hi; = se 
4" 5 
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2.1. Curves on a hypersurface in 


Let r: 1 C RM bea regular curve in E+, where ||r’|| = ||dr/du|| = 1, V u € I , we will omit wu for 


simplification. Then the Frenet frame is defined by 


t’ 0 Ky 0 O t 

n’ _ Ky 0 Ko O n ( _ <) (2.1) 
bj 0 —Ko O k3 b, du 

bj 0 0 «3 O by 


where t,n, bz and bg are the tangent, principal normal, first binormal and the second binormal vector fields 


of r, respectively and the functions «; | i = 1, 2,3, are the curvature functions of r. 


Theorem 2.1. /2/ Let r: I > E‘ be a regular curve. Then 


ee Ngee es (2.2) 
Il [xr xr@)] [iaxr xP? xb xP] 
and 
(n, r) (b1, r(3)) (bo, r(4)) 
k=, Ko = BS . 2.3 
1 Tee? 2 ese? 8 = Teens (23) 


Definition 2.3. Let r be a regular curve in E*, which is parameterized by arc length and n-times continuously 


differentiable. Then r is called a Frenet curve, if at every point the vectors rr, oP) are linearly 


independent. 


2.2. Darboux frame field of first kind in E*. 


Let M be an oriented hypersurface in E* and r be a Frenet curve of class C"(n > 4) with arc-length 
parameter u lying on M. We denote the unit tangent and unit normal vector fields of the curve by T and 


N, and P,Uc€T,M. 


Definition 2.4. Let r: I — E* be a regular parameterized curve lying on M in E*, then the frame field 


{T,P,U,N} along r is called extended Darbouz frame field of first kind if {T,N,r”} is linearly independent, 


, 


_ or _ Vf _ r'!—(r N)N _ 
therefore T = Ta, N= qos P = [=e U= [T, N, E] 


Int. J. Anal. Appl. 17 (4) (2019) 482 


The derivatives of the Darboux frame field of first kind in E* are given by [16] 


T’ 0 Ky 0 Kn T 
Pp’ —K) 0 K2 ort P 
= g g g F (2 4) 
U' 0 —Ke 0 t U 
N’ —Kn ie ie 0 N 


where Kn, k1,«2,7) and 7? 


K are real valued functions denote the normal curvature, geodesic curvatures and 
ggo'g g 


the geodesic torsions, respectively. These functions are given by 


1 ” —l 
kn = (T',N) =Toy VED = Tape Hse): 
Ww Ww i ¥ y 2 

ki = (T’,P =(r r )'— ——__(r Hy(r ?) ; 

(T’,P) (FS — Toe Hele) 

C=, (ON lg a ee 

9 eee ey po (Vee ot a 

os (PN) =o (Sr Bp") + lr BVA Hy (r')?) 

g (x1) \VF Ivey of 

—1 
2 
Tg — U.N) = (TAF) m3, (2.5) 
where 
e y eA w Pi y ao we Pi y x w 
c y z” w c y. 7” w 7 ce fs ts 
my = » M2 = » 3 = ’ 
8) y@) 8) wf) a boc d a bec od 
ie ae. fe ie te. Se Te pqetoou 
and 
a / Ww um \dH / 
[a,b,c] = (Vf) =rHy, bateul=(Vf) =o Hyta— 4, 
dH; — OHy,1, OH, 1, 
a an (Py ax Du (r )'}. 


Remark 2.1. /2/ Let r: I + E* be a regular parameterized curve in E*, then 


e r is called asymptotic curve if and only if kn = 0. 


e r is called a line of curvature if and only if : = c =0. 


3. FIRST KIND SMARANDACHE CURVES IN E 


Consider r = r(u) is a curve lying fully on an oriented hypersurface M in E+. Let {T,P,U,N} be a 
Darboux frame field of first kind along r(u) and kn,Kj,«7,7,,7, ave real valued functions in arc length 


parameter u of r. So, we have the following definition. 
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Definition 3.1. /1/1] A regular curve a(s(u)) in E+, whose position vector is obtained by extended Darboux 


frame vectors of another regular curve r(u) is called Smarandache curve . 


In the following we continue our studies of special Smarandache curves that we started in [2,5,6]. Here 
we investigate some special Smarandache curves of first kind called TP, TU, PU and PN ( the other 
special Smarandache curves can be computed in the same manner) and then obtain some of their differential 
geometric properties which represent the main results. 

Let r(u) = (a(u), y(u), z(u), w(w)) be a curve of class C"(n > 4) lying on M. Then, by using proposition 


2.1, the unit normal vector field along r is given by 


Vf 


N=—. 
IV fll 


(3.1) 


3.1. TP-Smarandache curves. 


Definition 3.2. Let M be an oriented hypersurface in E* and the Frent curve r = r(u) lying fully on M 


with Darboux frame {T, P, U, N} and non-zero curvatures kn, on Bas 7 and ee Then the TP-Smarandache 


curve of r is defined as 
1 


a(s) = cote (3.2) 
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Theorem 3.1. Let r = r(u) be a Frenet curve lying on a hypersurface M in with Darbous frame 


{T,P,U,N} and non-zero constant curvatures Besta eae and a. Then the curvature functions of the 


TP— Smarandache curve of r satisfy the following equations: 


(K5(—Kn + i) + Kets fen — ((45)7+ 


_ 1 
kn = nIVAl Kn (Kn + Tite _ (Kg)? + (K2)?+ , 
Tg (Kn + T9))fy + (KgKG — (Kn +79) Te) fe 
; (KG (—Kin + Ty) + 272)A5 + (mG)? + 
i= cae Kin (Kin +74 ))Aa + (Kg)? + (42)? + , 
To (fn + T4))A3 + (KGKS — (Ky + Tq )Tg)A4 
—(A2A7 + AzAg + AsAg + A5AIO) AGH 
. 1 Ne ((KtA2 — K2A4)Ag — As (KnA7 + TZ AS+ 
Kg = 2) 
en 


T2d9) + A3(—KLAr + KZAQ + TA A10) + APAS+ 
Agr + Agr + A10(KinA2 + TeX + N5)) 
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—(frr2 - fyr3 = fea -P furs) Xe+ 
a = 1 No(—KG fers a Ko feA3 _ Kin fa As— 


mi ive , 
: AelIVIT | 72 fers + fade + fy(nb do — KRAg — TEAS+ 
N3) + fara + fu(KndA2 + THAa + 724 + A5)) 
(for7 + fyrAs + fers + fwA10) M+ 
re 1 Au(—K5 fers oF Ke feAs _ Kn faA10— (3.3) 


MillVfll | 72 f.d10 + feds + fy(WAr — K2Ag — TE Aro+ 


Ng) + feAQ + fo (hn Az + Ty A8 + TZX9 + Mo)) 


Proof. Because a = a(s) is a TP— Smarandache curve reference to Frenet curve r, then differentiating Eq. 
(3.2), we get 


/ 


a (—«jT + «P+ «2U + (7, +&n)N). (3.4) 


1 
V2 


Again, differentiating Eq. (3.4), we obtain 


v= (—(4g)? — hn(tin +73 ))T — (65)? + (49)? +75 (hn +7,))P 
+(K5 F = (Kn + 71, U + (—Kj Kin + Hts + KaT2)N 


Also, Eq. (3.4) leads to 


1 | 1 | 2 i 1 
KgE + #«,P +«,U + (7; + kn)N 


T= —* 
At , 
where 
At = (Kh)? + («2)? + (74 + Kn)’, 
and we get 
N= freT+fyP+f.U + foN 
IV fl 
On the other hand, we have 
p- A2T + A3P + AgU + ASN 
= i , 
where 
1 O1 
Ao = se (CLP Ae)? Hee) + is 
2 = PMY + (eal! + ote) + ra 
Ag = * (3)? 4 (K2)? + 6 T4 + (t4)?) + O71 f 
a ‘ eee IVF? 
1 (ol 
Mo = se (Ko? + ent? + 377) + She 
4 a Kghkg + KnTg Ta7q) Ivf 
1 o 
d = 1 7 T1 252 1 beg 
5 aan Kgl g KgTq) Ivf 
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F (—(9)? — Kin (ten + 73) fr — (6g)? + (6 9)?+ 
a1 =(a",N) = Valve (Kat Ty) dy > (Rete — (ha BT fet 
(—hoka titgt, + KGTs fu 
Also, we get 


A7T + AgP + AgU 4+ AioN 


U = 
Ail 


where, 


Ke fwA3 — kn fzdA3 — Ty fzA3 — Kg fwAat 
Kin fyr4 + Ty fyr4 = Ke fyAs + Ky ders 


Ay = 


Kin fara _ Ty faXa + K2 feds =F KgdzAs 


KydwArz2 = Kn fyA2 = Tq dyA2 = Ky dwAst 


Ae = Ko fwr2 =F Kn fzA2 + Ty fer2 = Ko fwAa— . 
Kn fxr3 + Ty fars3 = Kgl aAs = Ky yAs 


Ato = 


Au 7 Mt 6 IV fll. 


n2f,da — wl fda — K2fzdg — abfada + aL fda t alfyds )» 


In the light of the above calculations, the curvature functions K,,K!,«2,7 and 72 of a are computed as in 


ggg g 


Eqs. (3.3). 


Corollary 3.1. Ifr is an asymptotic curve. Then, the following equations hold: 


a —KgT +K5P+4%2U+7,N na feT + fyP + fU+ fwN 
r IV fll 
Pp = Ai3T + AyaP + Ais U + AigN U= AigT + AigP + AggU + AaiN 
7 M17 , 7 A22 , 


and then the curvature functions are computed as follows 


ae (maT, bgt, tw (Ky) te (6g) RG)? oF (egg — Tg Fy 
i ArllV Fl 

a = (Ky : + KaTe )A16 = (Ky) Arg (Kg)? (Ko)? | (13)?)Ata + (KyKe —rir 
p A12A17 


r7(KgA13zA19 — K5A15A19 — Ty At6A19 — 
> 1 TZ A16A20 + A1a(—KjA18 + Kz 20) + AisAj3+ 
g— 5} ; 
A22AI7 A194 + A205 + Aoi (Ty A14 +72dist+ 


46)) — (AatAt6 + A1gA1g + Ar4A19 + A15A20) 47 
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where 


O71 


— fe(Kg Ata? — Arig + A137) + fy(Ar7(KgA13— 
1 K5A15 — Ty At6 + Aja) — AvaAi7)+ 


DT SFT ’ 
AirllV fll fe(Ar7 (Kg Ata — T2A16 + As) — Arsiz) + 


Fw (Ar7(Tg Ata + TZA15 + Aig) — At6i7) 


—(Aa1 fu + Aisfe + Ato fy + A20f2) Abo + A22((—Ty A21+ 
1 


NallVFll Kg Ais) fy + A20(T¢ Fw — Ko fy) + At9 (79 fw — Hg fet 


Kotz) + furo1 + fers aR fyri9 ak fz(-TgA21 ae 40)) 


of 203)? + (43)? + (rd), 
V2(«5)*IV Ell + 201 fo, 
V2((Hg)? + (mG)? + (rg) VIVE + 201 fy 


V2(-KyKe + Ty 72)I|V Fl + 2orfe, 


V2(—KyTy — K272)||V fll + 201 fw, 


V 1s)? + Ara)? + Ais)? + Ous)?, 
KadwA1a — Ty feAta — Kg fwA15 + Ty fyAis — Ko fyAie + Ky S216; 
—KefwAi3 + Ty feAi3 — Ka fwAis — Ty fedis + Ke forts + Kg fea, 
ko Mis fu an kp Ava fu + tT Atafe = kote = Tes hy = koMtely, 
Ka fydi3s — Kg fedis — Ka feria — Ky feta + Ky forts + Kg fyA15; 
X12 Arz IVIL, 
1 —(t9)" fo — ((eg)* + (65)? 4 
Kh 4 


(sbnd — 102) fe + (shy) +8373) fo 


v2ilV FI 


Corollary 3.2. [fr is a line of curvature. Then, the following equations hold: 


T 


P 


—KjT +4,P+62U + k,N es feT + fyP + f-U + fuN 
r IV fl 
A2aT + A25P + A26U + A27N 


tise AogT t A30P t A31U t A32N 


A28 A33 


and then the curvature functions are computed as follows 


eaten (Ry) Rade eg) oe Re) dy bah ale 
A23||V f| ; 
KyhinAar + (Ky)? + ha )Aza + (eg)? + (6 o)?) Aas — Kg k2AD6 
A23A28 , 
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ag (Avs (—KyA29 + 65A31) + Az9(—KinAaz + Ada) 
. 1 
Ke = Neg ee 30 (Kg Az Ko A26 t Nb) { Asi Ad6 + A32(KnA2a t+ 5) 
97)) — (As2A27 + AzaA29 + A25A30 + A26A31) Ads 


—fr(Azg(KgA25 + Kin A27 — Ab4) + A24ASg)+ 
g 


en ae fiy(Avs (kh Ava — K2A96 + A$s) — A25Ab8)+ 
2 ’ 
7 Ads llV fll fzA2s(KGA25 + AS5) — A26A5g)+ 
Fw (Ars (Kn Aza + AB7) — Azz Ads) 
—(A32 fw + A209 fe + Aso fy + Az fz) A33+ 
tots 1 33(—KnAs2 fx — Kg A30fe+ 
~ \2 TW FI} 
: AssIIV EI | door dw + eh fy) + K2A30 Fe + fuXyot 
fardg + fy(—KGA81 + X30) + feAS1) 
where 
r23 = 2K}? + (K2)? + (Kn)?, Avg = V2((teg)? + An) "(IV EI] + 201 fo, 
dos = V2((K5)? + (KG) IVE + 201 fy, A26 = —V 2K SIV fll + orf, 
AT = V2KyKallV Fl + 201 fw, A28 = V (24)? F (Ags)? + (Aa6)? + (A27)?; 
A299 = Ko fwA25 — Kn fzA25 — Ko dwr26 + kin fyA26 — Ko fyd27 a Kat zA27; 
A30 = —Ke fwA24 + Kin fzA24 — Kg fwA26 — Kn f2A26 + Kafe doz + Kg feAar, 
N31 = Kg fwA2a — Kin fyAna + Kg fwA25 + Kin fdas — Kg FeAa7 — Kg FyA27, 
N32 = Ka fyAza — Kg feAza — Ko fedos — Ko fzA25 + Kg fore + Ky fyA26, 
A33 = A238 Ave I|VSII, 
1 1 1)\2 4 2 1)2 2)2 1,2 
O1 Vaivayo “anne — (Kg) + Kn) Fe i (Ky) a (5) fy a Kgkg te). 


3.2. TU-Smarandache curves. 


Definition 3.3. Let M be an oriented hypersurface in E* and the Frenet curve r = r(u) lying fully on M 


with Darboux frame {T,P,U,N} and non-zero curvatures Kn, i Ka, T and oe Then the TU-Smarandache 


curve of r is defined as 
1 


B(u) = Bit +U). (3.5) 


Theorem 3.2. Let r = r(u) be a Frenet curve lying on a hypersurface M in E* with Darboux frame 


{T,P,U,N} and non-zero constant curvatures; Rnshegs Kas tte and ae Then the curvature functions of the 
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TU— Smarandache curve of r satisfy the following equations: 


= 1 f HBB fe — (LC — 18) + ballin +8) ft 
m - ? 
HlV Ff (ee Sk ey = hat ey 
Se 1 (Kj — 2) 7) Us — (K5(Ky — K2) + Kn (in + 72)) pot 
g —— ? 
H1KG (Ky — he) hela — (Kat) ty fy FTG MA) 
—(p2p7 + [gis + pap + bs t10) M6 + M6 ((Kgf2— 
2 = 1 Ko Ma) os — Ms (Knb7 + Ty Hs +73 Wo) + U3(—Kg ert 
an 2 ’ 
rae KGbo + Tz M10) + MrHd + bspgt 
Holy + pio(Kn M2 + 73 Ma + 15) 
—(fet2 + fybs + feta + fobs) He + M6 fobs 
i _ 1 —Ko fobs aid Ke fells — Kn fobs ~~ +5 felis 
g _ 2 
vllV Fl fylwjua — Koha — To hs + M3) + fobyt 
fu(Knp2 + Ty 3 + Toba + U5) 
—(febr + fybs + feta + fwHi0) Mi + M11 (fobs 
a 1 —Kofols + Ko fells — Kn foto — 77 fetiot (3.6) 
= 
eillV Sl fy(Kgu7 — KEu9 — Ty H10 + bg)4 


felt + foo(Knb7 + Thos + TZU9 + Hho) 


Proof. Since 6 = G(s) is a TU— Smarandache curve reference to Frenet curve r. Then, by differentiating 


Eq. (3.5), we get 


1 
B = V2 (Kg _ K,)P a (Kin + 72 )U) ’ (3.7) 
Again, by differentiating Eq. (3.7), we have 
gl = 1 ( Ky(Ky kK) kin(Kn 4 ceulus (Ry, + 7 )P 
2 
v2 +((Ki — Ka) = (fn + tt, )U + (Ky _ Ka)TyN 


where 


and we have 


IV fl 
5 _ be + y3P + 4U + 5N 


? 
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where 
1 1)2 1522 2 02 
M2 9 (((Kg) Kgkg K (K 7, ))) Ivf 
1 1 2 02 
Hs = (then +73) + 
2 ("4 0)) IVfll-? 
1 2 1 2 2 2 
HA = 2 ((Ke(—K, fe) i Tg (Kin +72))) + WA ’ 
1 1 2)_1 02 
= —=((-4,4+4,)7,) + Ta Jw 
M5 5) (( g 9) a) Ivf 
be = (2)? + (Hs)? + (Ha)? + (Us) 
i =a) Righty — Kul back te ts Kn +74 
eile (—(h)? + bed — Klin + 72) fe + Thin +72) 
V2IVEI A +((md — 62)62 — 12 (in +72) fe + (6h — 62)72 fa 
Also, we get 
U- LT + ptgP + w3U + pioN 
6 7 
where 
7 = —KnfzU3— 7 fee = Ra deuila =F fi Fwpie + Kin fy ba + 7 fail =P Kg fobs = ke debe; 
Hg = tnfatia + To feta — Knfalta — Te fnbtas 
ig = Ko fwbe — Ko fwhe — Kn fyb — Ty fyl2 + hn felis + 77 felis — Ky fobs + Ko febs, 
= 1 2 1 2 
Hio = —Kgfzlot Ko fzMet+ Ko fos — Ko faba, 
wll = py He ||VFI. 


In the light of the above calculations, the curvature functions Ky, Ki, K2,72 and a of @ are computed as in 


gogg 
Eqs. (3.6). 


Corollary 3.3. [fr is an asymptotic curve. Then, the following equations hold: 


(Ky —K2)P+72U 


Tt = , 
My 
N = feT + fyP + f.U+ fuN 
IV fll 
P — 113T + fy4P + pi5U HigN 
17 
— HaigT + figP + p20U + p2i1N 


9 


[22 
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and the curvature functions are obtained as follows: 


where 


12 
113 
M14 
M15 
16 
Miz 
/18 
H19 
M20 
M21 


H22 


(6) KT yd th, (—Ky th, te Ty tay = (By + RE) a) fe 


g 9g ‘ 
n2(lV Fl 
Rg(—Ky + Kg)Mia + (Kg — Ka )Mgttas — Ty (Ty Ha + ToMI5) + (Kg — Kg) TG HIG 
M12H17 
Har (Kglisii9 — KoHaisiis — Ty Hef — 7 Ha6H20+ 
1 
Faring | TaMastian + Haa(—Kghis + Kobt20 + Ty Hai) + Pastis + Haobiat 


M2oHlis + Meiblig) — (Mish + Miatig + Histo + Mi6f21)H47 


— fe (KgMiapi7 — HaTehs + Masbi7) + fy(Ma7(Kgtis— 


1 


— K2 —fl + Ay ! ob. ee 4 
Li7llV SI gltis — Tq biG + Mya) — Miabliz) + fe(Ma7 (ghia — Te M16 


His) — Masti) + fu(Mar(Tg 14 + 73 H15 + Bie) — M1617) 


— fe (Kg Mi9fl22 — Haebs + Hisly2) + fy(M22(KgHis — KZ M20— 


1 


reaail Tq b21 + Hh) — Migta2) + fe(Hae(KZHi9 — 77 M21 + Lo0)— 


L20llo2) + fu (u22(Ty H19 + 77 M20 + Mo) — H21bd2) 


= a (5 — #2)? + (2, 

= V2((K4)? — KyK2)|VFl| + 2o2fe , 

= v2rg7g\|V Ell + 2o2fy 5 

= V2(n2(—K) + 62) + (72)?)|VFll + 2oefe, 
= V2(-K) +12) ||V Ell + 202 fw, 


= (t13)? + (ura)? + (15)? + (u16)”, 


= — (KG bis tw ae Kos fw - ety + 4, pias = Kylie te + Ba ihiets)s 


= -(tJisfe — T7M3fz), 


= —(-Kj Mis fw 5 Kota tw re Toate a2 Koltiote = 


= —(—KgMisfe + KoMisfs + Kgitials — Kotists), 


= pa M17 ||VSI. 


Kobe te — Te basty)s 


9 
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Corollary 3.4. Ifr is a line of curvature curve. Then, the following equations hold: 


(Kg — K2)P + knN 


T = : 
123 
N feT + fyP + f2.U + fuN 
IV fll 
Pp = H2aT + pa5P + pe6U + fen 
L28 
U = ft29T + 30P + 3iU 32 
[133 


and the curvature functions are obtained as follows: 


ae ((K5)* — KoKG + Kn) fa + (Hg — RaRote 
ba3llV FI 
ay = TDR hd nB)naa + (0h WB eGo 
23/428 
L128 (—Kn [aT H29 + Hes(—KgH29 + Kof31) + H2go4+ 
Ke > Pos Lu30(KgH24 — Ko fl26 + flo5) + Hsibos + Ma2(Knploat | > 
M7)) — (M2ape9 + Has l30 + H26tla1 + 12732) Hos 
— fr (Mas (Goes + Knpla7 — Moa) + H2attog)+ 
a, : 1 fy (28 (KG M24 Ke 126 + fo5) — [25 bog )+ 
, HasllV fll fz (Hos (KG Has + Mo6) — M26 L28)+ 
Jw (H28 (Kin bea + 27) — 127 Hs) 
— fr (H33(KGH30 + Knfls2 — Hyg) + H29H33)+ 
SO oat : 1 fy (33 (Kg M29 — K2 p31 + M9) — 30/33) + . 
9 L33\|V fll fz (usa (KGH30 + M31) — M31l33)+ 
fw (H33 (Kn bo + M52) — H32H53) 
where 
pas = y/(wh— 83)? +R, Hoa = V2((Kg)” — Roky + Rn )IIV El] + 202f0 5 
fis = oofy , pas = V2KG(—Ky + Kg) IIV SI] + 2o2f:, 
far = 202 fw, Has = (tH24)” + (Has)” + (tW26)” + (He7)”, 
p29 = —(Kgft26 fw — KoH26 fw — Kn p26 fy + Kn bas fe — Khar fe + KgHa7 fz), 
30 = —(Knp26 fx — Knpos fz), 
isi = —(—Koboafw + Kola fw — Knflas fe + Koller fe — Kober fe + Knbi24 fy), 
M32 (—KgHos fo + KoMo6 fx + Koos fe — Koboafz), 


H33 = pl2a pes ||V fll. 
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3.3. PU-Smarandache curves. 


Definition 3.4. Let M be an oriented hypersurface in E*and the Frenet curve y = y(s) lying fully on M 


with Darboux frame {T,P,U,N} and non-zero curvatures kn, Ky ies = and i Then the PU-Smarandache 


curve of y 1s defined as 


1 


u) = —=(P+ UV). 3.8 
(a) = T+) (38) 
Theorem 3.3. Let r = r(u) be a Frenet curve lying on a hypersurface M in E* with Darboua frame 
{T,P,U,N} and non-zero curvatures fieghins Bas Me and me Then the curvature functions of the PU-— 


Smarandache curve of r satisfy the following equations: 


(Ky Kin + ree = Te) fo + (—KjKa+ 


7 —1 
oe = Seal Kin(Tg +73)) fa + (469)? + (Kg)? + 79 (tg+ | > 
Tq) by + ((65)? + 737, + 75)) fe 
(Kp Kin + a ce — T2))Us + (—KgKo+ 
7 1 
Rp = ag | alta + 7g) ue + (Crag)? + (mG)? + 7g (rg + | > 
12) )ua + ((n2)2 + 7273 + 72) 4 
—(Vav7 + V3Vg + V4V9 + V5V10)UG + Y6((KGY2 — KZV4)Vg 
5 1 
a = Fim —V5(KinV7 + TyVg + TA9) + Y3(—KyY7 + Kao +TyVi0)+ | > 
6 
V7Vs, + VgV5 + Vol + Vi0(KnY2 + T2V4 + v5)) 
—(frv2 + fyva + fava + fus)Y% + Ye(—KG fos + Ko f2V3 
~ 1 
— 2 ' 1 2 1 
Tq = v2||V fll —Kn fats — Tg f2Y5 + fry + fy(Kgve — Kgl4 — Tg5 ) 
+v5) oh fat4 7 fu (Kni2 a TyV3 + TeV4 + vs)) 
—(fev7 + fyvs + fvo + fuorio)Yi1 + Uii(—Ky fers + Ko fzU8 
~ 1 
iq = PAIVE]) —Knfzvio — 72 f2Vi0 + fat + fy(KgU7 — KEV9 — Ty V0 (3.9) 


+vg) a f2% = fu (Knv7 + TyV8 + TZV9 + V'9)) 


Proof. Since y = y(s) is a PU— Smarandache curve reference to Frenet curve r. Then, by differentiating 


Eq. (3.8), we get 


1 2 2 14.2 
=, 8 a P+ kU + (r, ag IN 


Y= alm yng — Hnltg + 7g)T + (5)? — (65)? — ay (7g +75))P 


+(—(«2)? — 72 (7 +77))U + (—Kj kin _ ket, + KaTg)N. (3.10) 
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Using Eqs. (3.10), we have 


where 


al 2 2 1 2 
—KgT+6gP+ «50+ Na at, )N 


? 


all 
| 


Vy 
fcT + fyP + fzU + fuN 
IV fl 


Zl 
II 


On the other hand, we get 


where 


Also, we get 


where 


V7 
Vg 
V9 
V10 


V41 


In the light of the above calculations, the curvature functions K;,, «4 


Eqs. (3.9). 


V2 


V3 


03 


VT + V3P + 144U + v5N 


? 


P= 


YG 


V2(—Kh a? + tn (7d + 72)) IVF] + 203 fe 5 


V2((m1)? + (K2)? + 7A (7} + 72 )IIVEI] + 2o3fy , 


V2((K5)? + t4 (74 + TA)IIVEI| + 2osfe , 


V2(K} 


gtin + ee - KTV +203 fy , 


g 


a ee eee 
oa ee 


1 
(VN) = IVA Kn (Ty +73) fx 


v7T + VgP + VvgU + VioN 


E 


U= 


V11 


Ka fw3 - 74 f2V3 - Te feV3 + Ko fw + 14 yl + Te fy - Ready + fe)us, 


— fo (KaV2 + KaV4) + fA, + Te v2 + Kgs) + fa(—(ty + To) + Kavs), 


fw(—Kov2 + KV3) _ EG, + TZ v2 + KgU5) + TAG, + TZ )v3 + KaU5), 


Ka fy + Ko feV2 _ Ko feV3 _ Ka f2V3 = Ko fxV4 “4 Katy, 


“illV flv. 


2 
ggg g 


Ti and 7? of y are computed as in 
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Corollary 3.5. Ifr is an asymptotic curve. Then, the following equations hold: 


ph = KgT — K2P + 42U + (73 +72)N 
V2 : 
NH fT +fuP + fU+foN 
? 
IV fll 
Pp = 1143T +%44P +5U + vi6N 
Viz , 
= Mig T +19P + va + va1N 
U ; 
V22 
and the curvature functions are obtained as follows: 
2 1 2 1,2 1)2 2)2 
ie 1 Alt, +75 fa Rhgle— (bg) Pag) 
nm y] 
V17\||V 1-1 2 2\2 2/1 2 
IVE 1278 +73)) fy — (2? + 2 (rd +72) Fe 
1,2 1)2 2)2 1/71 2 
B 1 Rahglia — (KG) tag) 7g tg +g) ie . 
V12V17 (Ke)? + a te + 7?) M15 + Ka(—Ty + Ta )V16 
1 2 1 2 
i7(Kgli3sVi9 — KgVisV19 — Tg VieVi9 — Ty Yi6Y20+ 
22 1 2 1 [sand espe f Pe Coe ro 
Kg av 22 TgVisVa1 + Vi4(—Kglig + KGV20 + TyV21) + Misys + Vig44 , 
Y20V5 + Vag) — (M1318 + ViaVi9g + Vi5V20 + VigVa1) V7 
—fe(Kgviavi7 — M713 + M13U47) + fy(Vi7(KgM13 — KeVi5— 
= 1 
1 oe ae 1 2 2 
"9 PIV Fl Tq¥16 + V4) — Maz) + fz(Vi7(Kguia — THV16 + Y45)— 
V15V47) + fu(Yir(TyM14 + Te U5 + Vig) — Yier7) 
— fr(KgVi9v22 — 122V}g + Vig) + fy(v22(KgVis— 
= 1 
2 2 1 / u 2 2 
Tg v2A\V fl Kg/20 = Tg V21 + Vig) = V1 9V59) es fz(ve2(KoV19 ae Tq Voy+ ’ 
V5) — V20V92) + fw (VY22(TyV19 + 7320 + 51) — V21Y52) 
where 
2)2 1 2)2 1)2 = f2(—Ki 6? ; 
tis = 9 2(w3)? + (rd +73)? + (W4)2, v3 = V2(—m pK) IV Fl] + 203 fe, 
Via V2((H5)” + (5)? + 79 (7g + 7Z IVS + 2o3fy, 
15 V2((Kg)” +79 (7 +72 ))IIVEI| + 203 he, 
Vi6 V2(KgTy = KTS IVE + 203 fw, Viz = Vig + Vig + Ui, + V%s, 
1g —Kevie fy + Yi5(Kgfu + (t+ 73) fy) — KoMefe + 14(Ke fw — (T4 +74) fe): 
2 2 1 1 2} 1 2 1 
Vig —Kgl13 fw + KgViefe — V15(Kgfw + (T7 +79) fe) + (To +79) Viste + KgMiefz, 
2 2 1 1 2 1 2 1 
20 —KgVisfw t+ KgMiefe + Via(Kg fw + (tT +79) fe) — TyYisfy — To¥isfy — KgMiofy, 
2 2 1 2 2: 1 
V21 Kglisfy + is(—Kgfe + Kg fy) + Kglisf. — ia(KG fe + Kg fz), 
V29 V2 V7 \|VEIl- 
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Corollary 3.6. [fr is a line of curvature. Then, the following equations hold: 


KyT + KP - KU 


T = 
V12 
N = feT + fyP + f.U + fuN 
IV fll 
Pp - 113T + 4P +5U + 6N 
17 
U = VjgT + M19P + YaqU + v21N 
V22 


and the curvature functions are obtained as follows: 


where 


V23 


V25 


V27 


V29 


V19 


120 


V21 


V22 


salva ("ahd — Ryde + ((hy)? + (6g)? )fy + (45) F2): 


—l 
eT ( = Kghgl24 + ((K5)" + (2)? )v25 + (K2)?126 + Kykin¥ar) 


1 2 / 
V28(—KnV27V29 + V25(—KgV29 + KGV31) + V29V4+ 


1 
22133 V30(K4V24 i KaV26 + V5) + 13146 + ¥32(KnY24 + V47))— 
28 
(Voae9 + V25V30 + Y26V31 + V2732)V48 
— fic (Vos (Kg¥25 + KnV27 — V34) + V2aV5g) + fy(Y28(Kg2a— 
1 
IVA KGV26 + Vb5) — V25V5g) + fe(V2s(KgV25 + Vb6) — Y26V5g)+ 
Fw (V28(Knl24 + 47) — V27098) 
— fr(¥33 (KG Y30 + Kin V32 Vg) t V29V33 ) + fy(V33 (Kg ¥29— 
1 
V33|V FI KV31 + V9) — 3033) + fe(v3a(KG¥30 + ¥$1) — 431453) + 


fu(V33(Knl29 + $9) — 13243) 


lI 
bo 
a 

i) 


2)? + («b)?, voa = —V 2K GKGIIV Ell + 203 fe, 

= V2((K4)? + (Kg))IIVII] + 2o3fy, vee = V2(K5) IV fll + 2o3fe, 
= V2KGKnllV EI + 203 fw, Vg = Vig +73 + Vig + Vis, 

a KV25 fw au KV26 fw ia KaVor fy = Kaban fe, 


- —KeV24 fw = KV26fw + KaVor fe he Kavarte, 


= —KeVoa fw + Kal 25 fw T KoVor fe _ KaVorty; 


= Kavoafy + Y26(—Ko fo t+ Ky fy) + Kgvoafe — Vos(Ko fe + Ky fz), 


= 3 V2 ||V SI. 
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3.4. PN-Smarandache curves. 


Definition 3.5. Let M be an oriented hypersurface in E*and the Frenet curve 6 = 6(s) lying fully on M 


with Darboux frame {T,P,U,N} and non-zero curvatures kin, Ke Ko a and Th Then the PN-Smarandache 


curve of 6 is defined as 
1 


V2 


Theorem 3.4. Let r = r(u) be a Frenet curve lying on a hypersurface M in 


5(u) (P +N). (3.11) 


74 


with Darboux frame 


{T,P,U,N} and non-zero curvatures Ky Rg Bes Ty and 7. Then the curvature functions of the PN— 


Smarandache curve of r satisfy the following equations: 


at f Coal} +n) + (1B) + R88 + 22)) fe + (Ha) + nth 
&||VAFII +((K2)? 4 Ka(Kg ae Kn) +4 Gey _ Kote dy + the + ie ya 
at fl Unlsh + in) + OB)? + B88 +3) + (Cad + An at 
lee 
E186 \ (2)? + web (ied + en) + (72)? — 272 )Es + 72 (m2 + 72) a 


— (2&7 + &3€g + Ea€o + E510 )& + €6((Kg bo — K2E4) bs 
Koo a —£5(Knéz + To€a + Teo) + €3(—KGb7 + Kobo + T7b10)+ | > 
E7£5 + E93 + E964 + E10(Knb2 + T2E4 + &5)) 


—(fob2 + fy&3 + fobs + foks)& + &6(—Kg fuks + Ko f2b3 


- 1 
Gf = ail —Kin fobs — 1; fabs + feta + fy(wgea — KGba — Ty bs , 
+&3) + fe€, + fu(Kn€2 + Ty€3 + Tees + &)) 
; —(fo&r + fy€s + fro + fo€10 E41 + €11(—Ky feéet 
ce @ VFI Ka febs — Knfobio — Te feb10 + fab + fy(egbr— (3.12) 
kato — 7,610 + &) + F265 + fulhnbe +7, 68 +7, €0 + Ga) 


Proof. Let 6 = 6(s) be a PN— Smarandache curve reference to Frenet curve r. Then, by differentiating Eq. 
(3.11), we obtain 
—(K) + fm)T — 72P + (K2 —72)U+73N 


— ; 
V2 
if 
= alta — n)tgT t (—(K2)? — KG (Ky + Kn) — (75)? + 4272 )P 
—15 (Ko, + 72)U + ( yl + Kin) Cag | iste (re). (3.13) 


Therefore, from Eqs. (3.13), we get 


oS =k, Pa, a ae, 7, UM 
£1 
x. feE+fyP + £04 foN 
IV fll 
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where 


€ = /2(rB)? + (16d + ton)? + (m2 = 72)?, 


On the other hand, we obtain 


p= €2T + €3P + €4U + €5N 
&&6 ; 
where 
& = V2(-KG + kn) tg|IV Ell + 2o4fe , 
Gy = V2((n2)? + wN(wh + in) + (rd)? — Ker )IIVEI| + 2oahy 
Eg = V2rj(K2 + 72)||V Fl + 2oafs , 
& = V2(KalK, +n) + (aa - iat, + (73)")IIV SII +2oafw 
& = &+8+8+&, 
—(Kn (ig + Kn) + (7g)? + 79 (—KG + 73) fot 
v1 1 
og = (6",N)= IVA (5 = Kn) Tate = ((« 2)? + Ka(Ka + Kin) + 
Gy = hers dy = ihe + Ta) fe 
Also, we have 
ips fy P+ egP +e + hig N 
éu 
where, 
& = Ka dws — Te fwls — Ty fzb3 + Ty fobs + Ty Sy ba ef («3 Ts te Ta te eas 
fe = ful(—Ky +77 )éo — (Ky + hn )bs) + felty€o + (%, + hn)és) — falty&s + (—Ko + 72)E5), 
Eo = fw(—tg€2 + (mg + kn)és) + 79 Fa (Es + &5) — fy (tg €2 + (Kg + Kn)és), 


S10 = (Ka fuba 7 77 fyb + 74 fb2 — Ko foes + 79 fxbs = Ka F263 — Kn f2€3 — 
Td fats + wi fyls + Hn fyEs), 


fu = &(||\VFllé&.- 


In the light of the above calculations , the curvature functions Kp, Kj, he 7 and 72 of 6 are computed as in 


Eqs. (3.12). 
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Corollary 3.7. Ifr be asymptotic curve. Then, the following equations hold: 


g 


key T TP } (Re 727)U + 71N 


T ? 
€12 
N feT + fyP + f-.U + fuN 
IV Fl 

Pp = €13T + €14P + €15U + S16N 

17 , 
U EisT + €19P + €20U + faN 

22 


Thus, the curvature functions can be computed as follows: 


; = (72)? + 72(—m2 +72) fw — wh fe + (()? + (n2)2-+ 


“| Fllé2 (73)? - K272) fy 4 72K? +72) f. 
ae —1 (ra) + Tie + T2))E16 - KyTg 613 + ((Kg)?+ 
"Sebi (6b? + gy — serge + 7g + ras] 


Err (wyEisbi9 — KeEisé19 — Ty 16619 — 72 16620+ 
5 1 
= €2, Eon Te Esso + E1a(—KG big + K2E90 + T4201) + Eiséig + 196444 ’ 


20815 + €21€16) — (E1318 + €14819 + €15§20 + €16621 E17 


— fe (eGgb1abi7 — Er7Etg + £13847) + fy (E17 (Kg 613 — Keei5— 
|= eal Tq &16 + 14) — S1a€t7) + fe (Er7(K 314 — THE16 + &)5)— , 
Eis€t7) + fu (E17(79 614 + T2E15 + Eig) — E1617) 
— fo (w5E19€22 — Era€g + Ersédo) + fy(E2a(K bis — KZS20— 
B= Saal Ty€a1 + 49) — 19652) + fz (E22(Keb19 — TZ E21 + &40)— ; 
ba0€o0) + fw(E22(Ty€19 + 7720 + &51) — €21£59) 


where 
G2 = 2(rd)® + (wh)? + (6B — 73), Eas = V2(—ng) 74 IVS] + 2oafe , 
Ea = V2((eg)” + Hg (Hg) + (Tg) — KG TA IIIVEll + 2oahy 
fis = V2rg (nq + TA )IIVEl| + 2oafe , 
ie = V2((1g)? — Ke gTg + (Ta) IVI + 204fo , Gr =GA+GEtG+SE , 
fis = Kafka — Ty fulra — Ty fers + 73 fokis + Ty yeas + (—(xg — 79) fy — Te Fe )Ese, 
fio = fus((—Kg + 74 E14 — (Hg )€1s) + fe(tg€ra + (465 )b16) — fo(tg€is + (—KG + Ty )Es6), 


£0 = fw(—Tzé14 + (6g)E14) + 7y fo (Era + E16) — fy (Tz Era + (465 )E16), 
for = Kefyfis — To fybis + Ty febis — Ke fobs + 72 fobis — Kg felis — Ty fr€is + Ky fy€ss, 


22 = &12||V f|l€17- 
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Corollary 3.8. [fr be line of curvature. Then, the following equations hold: 


—(Ky + hn)T + k7U 


t = | 
£93 
N = feT + fyP + f.U+ fuN 
7 IV fll 
P = €oaT + €25P + Ea6U + £27N 
£28 ; 
U = €29T + €30P + €31U + €32N 
£33 ; 


Thus, the curvature functions can be computed as follows: 


a = Kin(Ky Kn) fw 4 (har Ky (Ky Kn) ) fy 
= IV f||E23 
mv = Kn(Kg + Kin )§25 + (Cag alr Kg(Ky + Kn) )€27 
HS” £93608 , 
£08(—Kn€o7629 + £25(—Kg £29 + KZE31) + Eo98b4t 
Ke o= Pees £30(K 4624 — Ke€a6 + &55) + £31856 + €32(Kn€aat | > 


£57)) — (€24€29 + €25€30 + €26€31 + £27632) £58 


: — fa (Eas (Kg625 + Kn€a7 — &54) + Eoakds) + fy (Eas (6 gEoa— 
7 = BVA 5626 + £55) — Sa5€o8) + fz (Eo8(Ko25 + £56) — S20£a)+ | > 
fw( — 28(Kn€24 + £57) * 7&8) 


' — fo(E33 (Kg 630 + Kn€32 — 49) + 2933) + fy (E33 (%4E29— 
Te = @|VFl K2€31 + €39) — 30633) + fe(Esa(weE30 + £31) — €31653)+ | » 
fu (§ — 33(Kn€29 + £32) — 32833) 


where 


Gos = 4/(kb + Fin)? — (K3)?, boa = oat , 


fos = V2((K2)? + 1 (KE + Ken) ||V EI] + 20afy » €o6 = 2oafe , 

for = V2n(K5 + Kn)IIV Ell + 204fw Gs = Sa + Gs + Go + Er » 
fog = (kg 2€o5 fw — KGE27 Sy), 

39 = —Kaloafw — Kg€26fw — Kné26[U] fo + Koba7 fo + (Kg + Kn )Eo7 fe, 
31 = (kg +kn)basfu — Kgba7fy — Kn€orfy, 

30 = Koboafy + Kgb26fy + Knboefy — €a5(K gfx + (Ky + kn) fe); 


33 = €23||V fl |€as. 
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4. EXAMPLES 
Example 4.1. Consider the curve r(u) given by 
r(u) = (cos(u), sin(w), cos(2u), sin(2u)) . 
By using the definition 2.6, we can calculate the Darboux frame {T,P,U,N} as follows: 


T = ( sin) “eee = sin(2u), 5 c05(2u)) 


Bo Aa RB 5 5 

_ fcos(u) sin(u) cos(2u) sin(2u) 
oe @ aren Be) 

_ fcos(u) sin(u)  cos(2u) — sin(2u) 
eps ge a) 


2sin(u)  2cos(w) T. 4, 1 
( Te J? vB sin(2w), i cos(2u) J : 


The curvature functions of the curve r can be computed as follows: 


54 3 2 24 2 
Kn = 5g = Te y= —2y/2 rh = 18 = 


Therefore, we can obtain TU—Smarndache curve as 


U 


p= ue (T +U) = (=e. es) —3 m(2u)} | 
v2 v10° 10 v10 v10 
By using the definition 2.6, we can obtain 
= 1 
T = —<(cos(u),sin(u), —6 cos(2u), —6sin(2u)), 
Tay | (u), sin(w) (2u) (2u)) 
— 1 
N = —=(sin(u), cos(u), 3sin(2u),3cos(2u)), 
aJ5 | (u), cos(u), 3 sin(2w) (2u)) 
7 1 
Pe 17sin(u), —17 cos(u), 129 sin(2u), —129 cos(2u)) , 
== (17 sin(u), -17 cos(u), 129sin(2u) (2u) 
- 1 
= —54cos(u), —54sin(w), —9 cos(2u), —9 sin(2u)). 
Sz (—54.c05(11), 54 sin(u), -9.c0s(2u), -9sin(2u)) 
The curvature functions of the Smarandache curve ¢ can be computed as follows: 
Ne a eh. ek —324v2 ia 
2V 5° 4%  /626410' % 1693 oy 


Example 4.2. Consider the unit speed curve given by 
ay = cone): ant): a uw) 
2 2 72/2 
By using the definition 2.6 we can calculate the Darboux frame {T,P,U,N} as follow: 
—sin(u) cos(u) 1 1 
T = >) >. ? 9 
2 2°95 5/9. 
cos(u) sin(u) 1 1 
2 4 2 y] 2 ’ J2 >) 


N 


Int. J. Anal. Appl. 17 (4) (2019) 


501 


ae (= 


U 


(- = sin(u), ? SiG sa). 


V6 2/3 


The curvature functions of the curve r can be computed as follows 


Therefore we can obtain TN—Smarndache curve as 


_ (cos(u) —sin(u) cos(u)+sin(u) 1 
pa ae 


By using the definition 2.6, we can obtain 


cos(u) + aa cos(u) — sin(w) 


T 


N = 


, , 0,0 bd 
2/2 ) 


cos(w) — sin is cos(u) + sin(w) 1 1 


P= 


* 2/2 35) 


U = (0,0,—= 


The curvature functions of the Smarandache 


aes 
n yt? qos 


In the four dimensional Euclidean space 
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curve 8 can be computed as 
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5. CONCLUSION 
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, some special Smarandache curves lying on a hypersurface 


are investigated. Also, the differential geometric properties of these curves are obtained. Furthermore, some 


computational examples in support of our main results are given. 
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